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The solution of the one-dimensional time-independent Schrédinger equation is con-
sidered by exponentially fitted symplectic integrators. The Schrodinger equation is first
transformed into a Hamiltonian canonical equation. Numerical results are obtained for
the one-dimensional harmonic oscillator and the doubly anharmonic oscillator.
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1. Introduction

The time-independent Schrodinger equation is one of the basic equations
of quantum mechanics. Its solutions are required in the studies of atomic and
molecular structure and spectra, molecular dynamics and quantum chemistry. In
the literature many numerical methods have been developed to solve the time-
independent Schrodinger equation [1-31]. Symplectic integrators are suitable
methods for the numerical solution of the Schrodinger equation, among their
properties is the energy preservation, which is an important property in quantum
mechanics [32-36]. Also, exponentially fitted methods have been very widely used
for the numerical integration of the Schrodinger equation [37]. Simos and Agu-
iar [38] developed a symplectic integrator with the exponential-fitting property
based on the idea of Runge-Kutta—Nystrom methods. In this work, we develope
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a symplectic integrator with the exponential-fitting property based on the fourth
order symplectic method of Yoshida [35]. Our new method is tested on the com-
putation of the eigenvalues of the one-dimensional harmonic oscillator and the
doubly anharmonic eoscillator.

2.  The time-independent Schrodinger equation

The one-dimensional time-independent Schrédinger equation may be writ-
ten in the form
1 v + V()W =EV (1)
el OV = ,
2 dx?
where E is the energy eigenvalue, V(x) the potential, and ¥ (x) the wave func-
tion. Equation (1) can be rewritten in the form

Y s
dx2 Sk
where B(x) = 2(E — V(x)), or
' = —B(x)V,
v =&, 2)

3.  Numerical methods
3.1. Symplectic numerical schemes

Given an interval [a, b] and a partition with N points
X =a, Xy, =x9+nh, n=172,...,N.
Yoshida’s [35] fourth-order, four stages method is of the form

p1=b1®, —cthBY,,

q1 = a1V, +dihpi,

p2 = bap1 — c2hBqy,

g2 = axq1 + drhps,

p3 =b3pr — c3hBqa,

q3 = a3qa + dzhps,
@41 = bap3 — cahBgs,
W1 = asqs + dsh®y, 4y,
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where

b =1, a =1, for i=1,2, 3,4,

c1 =0, = 2x+1, cy = —4x — 1, c4 = C,

1
di=x+3 d=-x d&=d d&-=ad Xx = (25 =275 — 1)/6.

We assume that the coefficients ¢;, d; for i = 1,2, 3,4 are the same as and
az, a3, by and b3 equal to 1. Then we solve the following equations for aj, a4,
b1 and b4.

e’ — (b1babsbg) — (bobsbycy + ajbsbacy + ajarbacs + ajarazcg)v

—(b1b3bgcrdy + arb1bacidy + arazbicad) + b1bybacydy + azb1bycads
+b1babscads)v?

—(b3bgcicrdy 4+ azbacic3dy + arascicad) + babaciczdr + ajbacorcydy +

asbycicadr + ajazcrcady + babscicads + aybicycads + a]azC3€4d3)v3

—(b1bacyczdidr+azbicycadidr+b1bsycycadidy+arbicicadids + b1b263C4d2d3)v4

—(bgcicrczdidy + azciercadidy + byciercadids + axeicicadids +

bycicycadads + ajcacseadads)v’

—b102C3C4d1d2d3U6 — C1C2C3C4d1d2d3v7 =0,

e’ — (a1aza3as) — (arazasb1dy + azasbibrdsr + asb1brbzds + dse”)v

—(arazaqc1dy + azagbycidr 4+ ajazagcrdr + agbybicids + aragbicrds
+a1a2a403d3)v2

—(azagbicrdidy + agb1b3crdds + arasbic3dids + a4b1b2C3d2d3)v3

—(azaqcic2d1dr+ asbscicadidi+ azasciczdids +aabrcczdrds + a1a4c2c‘3d2d3)v4

—agbicrc3dy d2d3v5 — agcicrcesdy d2d3v6 =0,

e ¥ — (b1bybsbyg) + (bybsbscy + a1bsbacy + ajarbacs + ajarazcq)v

—(b1b3bscrdy + azbibscidy + arazbicad) + bibabacsdr + azbibacads
+b1b2b3C4d3)U2

+(bsbgcicady + arbycicyd) + arazcicady + bybacicydy + arbacrczdr +

azbycicadr 4+ ajazercady + brbscicads + arbicarcads + a1a20304d3)v3

—(b1bacacadidr+ azbicacadidr+ b1b3cycadids + arbiccadids + b1b263C4d2d3)U4

+(bgcicac3didy + azcicacadidy + bicieacadids +

arciciyeqdids + byciczcadrds + (11026‘3C4d2d3)v5

—b162C3C4d1d2d3U6 + C1€2€3C4d1d2d3v7 = 0,

e ¥ — (ajapazay) + (aprazasbid) + azasb1brdy + asb1brbids + dye™V)v

—(arazaqc1dy + azagbycidr 4+ ajazagcrdy + agbybycids + ayragbicrds
+ajaraseyds)v?
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+(azagbicrdidyr + agb1bicrdids + arashc3dids + a4b1bZC3d2d3)v3
—(azage1cadydy + ashscicadids+ arasciczdids +ashaccsdady + ajascacsdads) v’
+agbicrc3didrds v — agcicaczdidads 00 =0

and
ayayazb1brby = 1,

where v = wh. We solve the above equations for ay, a4, b; and by. And we find:

57 —6v(s1 + eVs2)(s3 + ¢*s4)
al = 2 b a4 = 9
3ve?(s3 + e“Vsy) 5586
—2s6 v2eVss
bl = 2 2 9 b4 = 9
veel(sp + eVsy) 457

where

51 = 1441] + 723 + 2k + 2)v — 244 + 5k + 4A)v* — 12(7 + 6k + 5003
—6(6 + 5k + 4M)v* — (25 + 20k + 161)0°,
5o = 1441] — 723 + 2k + 2)v — 244 + 5k + 4A)v* + 12(7 + 6k + 5003
—6(6 + 5k + 4M)v* + (25 + 20k + 161)0°,
53 = —345613 — 1728(4+ 3k +20)v+1728(—=1+k +1)v°
+144(2 + 4k + 5003
— 1441648k + 72 v* —72(18 + 13k +104)v° +24(194 17k +131)2°
+6(54 + 4ic + 35007 + 6(30 + 241 + 190)v® + (122 + 97k + 7TA)°,
s4 = 3456t3—1728(4+4 3k +20)v— 1728(— 14k + 2 v+ 1442 +4k + 51)v°
+144(16 48k + 70 v — 72(18+ 13k + 100)v° — 24(19 + 17k + 130)0°
+6(54 + 44ic + 35007 — 6(30 + 24k + 190)v® + (122 + 97k + 77a)0°,
55 = 414721 — 10368(—2 + 6k + 50)v> + 1728(14 — 2k + A)v*
—576(14 + 16k + 111)v° — 48(28 + 26K + 191)®
+6(218 + 172k + 1372)v'% + (208 + 165k + 1311)v'2,
s6 = 36 ((—12 + 130) + 36(12 + 13v)
+e%U(—864 + 144(—4 + 3k + M)v> — 723 + M
+6(4 4 5k + 3000 + (11 4 9% + 7)),
57=—(72 = 6(=2 + 1) + (7 + 5k + 41 )v*)sg

and
1 2
3

H =4+«k, th = —44 + 8k + 134, t3=442k +Xx, k=23, Ir=23.

For small values of v, the above formulas are subject to heavy cancelations. In
this case, the following Taylor series expansions must be used:
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(3784 297k +2391) o (2021634 161386« + 1274604) 8 9
=1+t +0
@ =Tt 168072 v 3024001,3 @)
418\ 12 4025\
a4:1_t4v4_(658+533/<+ 84) o _ (36083 + 67712 +54025%) g 0 o,
252012 15120043
334042672k +2101A 808327 +640356k +508982
b1=1+t ( + K+ ) 6 ( + K+ ) 8+0( 9)
504012 30240013
315842497k +1982A 2510364+199725«+ 1582724
b4=1—t5v4—( + s )v6 ( + o ) Vo),
5040¢,2 15120043
where

— (1249 +70)/(120t;)  and #5 = (30 4 23k + 194)/(1201))

Requiring the modified method to integrate exactly cos(wx) and sin (wx) we
obtain the following equations

cos(v) — (b1babzby) + (b1b3bgcrd| + arb1bscidy + arazbicad)

+b1bybscidy + azbibarcadr + b1b2b364d3)l}2

—(b1bacaczdida + asbicacadids + bibseacadids + azbycicadids + bibacseadads)v®

+b1C2C3C4d1d2d3U6 =0,

sin(v) — (babsbacy + a1bsbacyr + ayarbacs + ajarazcy)v

+(b3bgcicad) + azbacicad) + arazcicad) + babaciczdr + ajbacrcsds

+azbycicady + ajazcacadr + babscicads + ajbscocads + 6116126‘364613)1)3

—(bgcicrcadidy + azcicacadidr + bycicacadds

+asciczcadids 4 baciczeadards + 0102C3C4d2d3)1)5

+61C2C3C4d1d2d3v7 =0,

cos(v) — (ajaraszay) + dgqv sin(v)

Harazasc1dy +azaghrcrdr+ajazagcrdr +agbybycrds+ajagbicyds —l—a1a2a403d3)v2

—(azascicadids + ashscicadids + araseicadids + ashycicydads + arageacydads)v®
+a401626‘3d1d2d3v6 =0,
sin(v) — (axaszagb1dy + azagb1bydy + agb1bybsds + dg cos(v))v
+(azagbicrdidyr + agb1bicrdids + arashc3dids + a4b1b203d2d3)v3
—asgbicrcrdidrdsv® = 0.

Assuming that
a2=a3:1 and b1=b2=1

and solving the above system we obtain the following coefficients

—(s4 + 55) S6 b 25152 b —v2s3
= 9 = _7 1 = 9 4 = 9
6vs;3 S 57 25182

IS
~
|
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where

51 = —20736 (=8 + 2k + A) 4+ 10368 (—14 4+ 12k + 3 1) v*
+864s (56 — 32k + 111) v* +3456 (1 + 3k + 1) v°
—288 B3+4Kk+221) v8—=36 Q7+21k+171) v!04+ (15441226497 1) v'?
+864 (24 (=8 421k + 1) =12k (24K) V24 (@+di+3 1) v4) cos(2v)+

1432 (—24 (G4K)—4 (d45K+42) VP4 (6+ 5k +41) v4) sin(2v),

= v (24 G+ 2k 42) — 120>+ (18 + 14k + 113) v4) cos(v)

—4 (72 F6(=24K) >+ (T+5c+42) v4) sin(v),
(995328 (4+k)>+497664 (9+19 k +201) v2+41472 (1164 34k +231) v*
+6912 (77 + 127k + 92 1) v® + 3456 (107 + 71k + 601) v®

—288 (1557 + 1225k + 976 1) v'® — 72 (464 + 370k + 293 1) v'?
+12 (318142525 k + 2004 1) v'* — (3878 +3078 k +24431) v'%) cos(v)

$3

+4(2985984 (—5+1) — 248832 (—22+29k +211) v> — 124416 (31 —8 k +21) v*

—10368 (—10 + 359k + 19 1) v® — 1728 (94 + 35k + 49 1) v®

+144 (1162 4 893k + 7271) v'0 + 216 (57 + 46k + 361) v'?

—6 (2354 + 1869 k + 1483 1) v + (1435 + 1139k + 904 1) v'®) sin(v),
s4 = 35831808 (=124 5k +21) — 2985984 (—184 + 154k + 17 ) v?

—1492992 (178 — 157k + 43 1) v* + 746496 34 — 112k 4+ 1721) 0°

—62208 (170 — 91 k& + 144 1) v® + 5184 (88 — 170« + 139 1) v'°

—864 (458 + 275k + 333 1) v'? +432 (1242 + 978 k + 787 1) v!*

+72 (1403 4+ 1115« + 883 1) v'® — 12 (5837 + 4633k + 3677 1) v'®

+(6956 + 5521 k + 4382 1) v2°,

55 = 864 (—41472 (=12 + 525 +21) + 3456 (—44 + 50k + T 1) v°

+1728 20—13k + 51) v* + 576 (A+11x+4 1) v® + 24 (44 + 25k + 26 1) v8

—6 (256 + 202k + 161 2) v'% + (208 + 165k + 131 1) v'?) cos(2 v)

+432 0 (—41472 (=5+1)+3456 (—8 + 21 k + 14 1) v>+576 (37 — k + 7 1) v*

+576 (9 + 10k +71) v® + 24 (55 + 40« + 331) v°
—2(1036 + 821k + 652 1) v'? + (281 + 223k + 177 1) v'?) sin2 v),

s6 = 36V 80 (=72 B+2k+1)—12(T+6k+51) v> + 25420k +16 M) v*) cos(2 v)

+(576 (44 k) +24 (=4 + 4k + 51 v> — 12(32 + 26k + 21 1) v*
+(68 + 54k + 43 1) v®) sin(2v)),

57= 60> (4v (41472 (44K)>+20736 (11+16k+15 1) v>+51728 (58+28 k +214) v*

+1728 (28 + 24k +192) v® + 72 (144 + 112k + 89 1) v®
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—12(1399 + 1110« + 881 1) v'% + (2278 + 1808 k + 1435 1) v'?) cos(2v)
+(995328 (=5 + A) — 41472 (=30 4 31k + 22 1) v + 10368 (=4 + 40k + 25 1) v*
—1728 (10 4 35k 4+ 23 1) v + 576 (63 + 55k + 43 1) v°

+24 (2650 + 2099 k + 1666 1) v'0 — 6 (4904 + 3892 k + 3089 A) v'?

+(3078 + 2443 k + 1939 1) v'%) sin(2v)).

The Taylor expansions of the coefficients are

(—2933 — 61« 4+ 10904) o 3(33682 — 58903k + 478231) o6

ar =1+
101‘2 1401‘2
| (49695084 — 98597115k + 368710164 5 o,
v),
2800155
[ OS5 1Te 4138 4 (528 + 478k +3450)
a4 = v
4 360(—5 + A) 5040(—5 + A)>

(148805 + 101548« + 911064) o8 4

907200(—5 + A)°
(78 + 50k +53%) 4 (3504 + 3487« + 17502 6

+00)

by=1- v
1201, 8401,2
(2372351 + 1145366k + 1694892)) 10w
v
50400¢,3
(3055 — 2119« + 1843)) o (326414 — 16967« — 60104) 26
by =1+
101‘2 140t2
( 89982340 + 150753736k — 254613611) S+ 00
v
420015

4. Numerical results

We consider the one-dimesional eigenvalue problem with boundary condi-
tions

W) =0, W) =0.

We use the shooting scheme in the implementation of the above methods. The
shooting method converts the boundary value problem into an initial value
problem where the boundary value at the end point b is tranformed into an ini-
tial value W' (a), the results are independent of W' (a) if W' (a) # 0. The eigenvalue
E is a parameter in the computation, the value of E that makes W(b) = 0 is the
eigenvalue computed.

We have tested our new method (MethNew) as well as the fourth and sixth
order methods of Yoshida [35] (Meth4, Meth6) on two potentials, the harmonic
oscillator and doubly anharmonic oscillator.
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Table 1
Errors (x 10_6) for the harmonic oscillator.

Meth4 Meth6 MethNew R
Ey 417 416 416 5.5
Ey 467 415 416
E; 668 412 415
Ej 1122 400 415
E4 1931 373 414
Es 3199 272 414 6.5
Eg 5036 229 414
E7 7548 174 414
Eg 10846 139 414
Eg 15045 48 414
Eqo 20263 894 412
Eqy 26606 1489 412 7.5
Eqp 34209 2264 411
Ey3 43190 3259 410
E4 53679 4510 409

4.1. The harmonic oscillator
The potential of the one dimensional harmonic oscillator is
V(x) L2
X) = —KX
2
we consider k£ = 1. The exact eigenvalues are given by

1
En:n+§, n=20,1,2,...

For the computation of the eigenavlues we used step 7 = 0.1, the inter-
val [—R, R] is given in table 1. Also in table 1, we present the errors of the
three methods up to the 14th eigenvalue. For both Yoshida’s methods the error
increases as we compute higher state eigenvalues, while the new modified fourth
order method gives almost constant error. (see figure 1).

4.2. Doubly anharmonic oscillator
The exponential potential is
1
Vx) = Exz + )le4 + A2x6

with interval of integration [a,b], and boundary conditions W(a)=0 and
W(b) =0.
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—o— MethNew
Absolute Error —=— Meth4Order
—a— Meth60rder
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Figure 1. Absolute error (x 1079) up to 28th eigenvalues for the harmonic oscillator.
Table 2
Errors (x 10_4) for the doubly anharmonic oscillator.
Exact Meth4 Meth6 MethNew

Ey 0.8074 2 2 2
E; 5.5537 5 5 5
E4 12.5343 12 10 10
Eg 21.1184 25 14 14
Eg 31.0309 55 18 19
Eo 42.1044 115 22 23
Ep 54.2225 225 22 27
E14 67.2981 413 20 30
Eg 81.2629 714 12 35
Eig 96.0615 1170 5 40
E» 111.6478 1832 39 44
Ey 127.9825 - 98 47
Eoy 145.0317 - 192 52
E»g 162.7656 - 335 55
E»g 181.1582 - 547 58
E3p 200.1857 - 852 60
E3 219.8273 - 1280 61
E3y 240.0637 - 1533 61

In this calculation, we use b = —a =4, A; = A» = 1/2 and step h = 1/40.
In table 2, we present the even state eigenvalues up to the 34th. The fourth-order
method fails to compute even one correct decimal digit from the 16th eigenvalue.
The sixth-order method has similar performance with our new modified fourth
order method up to the 22nd eigenvalue, but the error increases rapidly from this
eigenvalue. While, with our new method the error remains almost constant.

Overall, the new modified fourth-order method is very efficient method
with only four stages and is superior to the sixth-order method which is a 10



266 Th. Monovasilis et al. | Numerical integration of the Schrodinger equation

stages method. In terms of computation time is similar to original fourth-order
method.

References

[1] T.E. Simos, Numerical methods for 1D, 2D and 3D differential equations arising in chemical
problems, chemical modelling: application and theory, R. Soc. Chem. 2 (2002) 170-270

[2] G. Vanden Berghe, M. Van Daele and H. Vande Vyver, Exponentially fitted algorithms: fixed
or frequency dependent knot points?, Appl. Num. Anal. Comp. Math. 1(1)(2004) 49-65.

[3] Th. Monovasilis, Z. Kalogiratou and T.E. Simos, Numerical solution of the two-dimensional
time independent Schrodinger equation by symplectic schemes, Appl. Num. Anal. Comp. Math.
1(1)(2004) 195-204.

[4] G. Psihoyios and T.E. Simos, Effective numerical approximation of Schrdédinger type equa-
tions through multiderivative exponentially-fitted schemes, Appl. Num. Anal. Comp. Math.
1(1) (2004) 205-215

[5] G. Psihoyios and T.E. Simos, Efficient numerical solution of orbital problems with the use
of symmetric four-step trigonometrically fitted methods, Appl. Num. Anal. Comp. Math.
1(1)(2004) 216-222.

[6] M. Van Daele and G. Vanden Berghe, Extended one-step methods: an exponential fitting
approach, Appl. Num. Anal. Comp. Math. 1(2)(2004) 353-362.

[7]1 D.S. Vlachos and T.E. Simos, Partitioned linear multistep method for long term integration of
the N-body problem, Appl. Num. Anal Comp. Math. 1(2)(2004) 540-546

[8] Th. Monovasilis and Z. Kalogiratou, Trigonometrically and exponentially fitted symplectic
methods of third order for the numerical integration of the Schrodinger equation, Appl. Num.
Anal. Comp. Math. 2(2)(2005) 238-244.

[9] T.E. Simos, P-stable four-step exponentially-fitted method for the numerical integration of the
Schrodinger equation, Comput. Lett. 1(1)(2005) 37-45

[10] T.E. Simos, Eighth-order methods with minimal phase-lag for accurate computations for the
elastic scattering phase-shift problem, J. Math. Chem. 21(1997) 359-372.

[11] T.E. Simos, Some embedded modified Runge-Kutta methods for the numerical solution of
some specific Schrodinger equations, J. Math. Chem. 24(1998) 23-37.

[12] T.E. Simos, A family of P-stable exponentially-fitted methods for the numerical solution of the
Schrodinger equation, J. Math. Chem. 25(1999) 65-84.

[13] G. Avdelas and T.E. Simos, Embedded eighth order methods for the numerical solution of the
Schrédinger equation, J. Math. Chem. 26(1999) 327-341.

[14] T.E. Simos, A new explicit Bessel and Neumann fitted eighth algebraic order method for the
numerical solution of the Schrédinger equation, J. Math. Chem. 27(2000) 343-356.

[15] J. Vigo-Aguiar and T.E. Simos, A family of P-stable eighth algebraic order methods with expo-
nential fitting facilities, J. Math. Chem. 29(2001) 177-189.

[16] G. Avdelas, A. Konguetsof and T.E. Simos, A generator and an optimized generator of high-
order hybrid explicit methods for the numerical solution of the Schrodinger equation. Part 1.
Development of the basic method, J. Math. Chem. 29(2001) 281-291.

[17] G. Avdelas, A. Konguetsof and T.E. Simos, A generator and an optimized generator of high-
order hybrid explicit methods for the numerical solution of the Schrédinger equation. Part
2. Development of the generator, optimized generator and numerical results, J. Math. Chem.
29(2001) 293-305

[18] T.E. Simos and J. Vigo-Aguiar, A modified phase-fitted Runge-Kutta method for the numeri-
cal solution of the Schrodinger equation, J. Math. Chem. 30(2001) 121-131.



Th. Monovasilis et al. | Numerical integration of the Schrodinger equation 267

[19] T.E. Simos and J. Vigo-Aguiar, Symmetric eighth algebraic order methods with minimal phase-
lag for the numerical solution of the Schrodinger equation, J. Math. Chem. 31(2002) 135-144

[20] Z. Kalogiratou and T.E. Simos, Construction of trigonometrically and exponentially fotted
Runge-Kutta-Nystrom methods for the numerical solution of the Schrodinger equation and
related problems, J. Math. Chem. 31(2002) 211-232.

[21] J. Vigo-Aguiar and T.E. Simos, Family of twelve steps exponentially fitting symmetric multi-
step methods for the numerical solution of the Schrodinger equation, J. Math. Chem. 32(2002)
257-270.

[22] G. Avdelas, E Kefalidis and T.E. Simos, New P-stable eighth algebraic order exponentially-
fitted methods for the numerical integration of the Schrodinger equation, J. Math. Chem.
31(2002) 371-404.

[23] T.E. Simos, A family of trigonometrically-fitted symmetric methods for the efficient solution of
the Schrodinger equation and related problems J. Math. Chem. 34(2003) 39-58.

[24] K.Tselios and T.E. Simos, Symplectic methods for the numerical solution of the radial shro-
dinger equation J. Math. Chem. 34(2003) 83-94

[25] K. Tselios and T.E. Simos, Symplectic methods of fifth order for the numerical solution of the
radial Shrodinger equation, J. Math. Chem. 35(2004) 55-63.

[26] T.E. Simos, Exponentially fitted multiderivative methods for the numerical solution of the
Schrodinger equation, J. Math. Chem. 36(2004) 13-27.

[27] D.P. Sakas and T.E. Simos, A family of multiderivative methods for the numerical solution of
the Schrodinger equation, J. Math. Chem. 37(2005) 317-331.

[28] G. Psihoyios and T.E. Simos, Sixth algebraic order trigonometrically fitted predictor-correc-
tor methods for the numerical solution of the radial Schrédinger equation, J. Math. Chem.
37(2005) 295-316.

[29] Z. Anastassi and T.E. Simos, Trigonometrically fitted Runge-Kutta methods for the numerical
solution of the Schrodinger equation, J. Math. Chem. 37(2005) 281-293

[30] Z. Kalogiratou, T. Monovasilis and T.E. Simos, Numerical solution of the two-dimensional
time independent Schrodinger equation with Numerov-type methods, J. Math. Chem. 37(2005)
271-279.

[31] T. Monovasilis, Z. Kalogiratou and T.E. Simos, Exponentially fitted symplectic methods for
the numerical integration of the Schrdodinger equation, J. Math. Chem. 37(2005) 263-270.

[32] V. Arnold, Mathematical methods of Classical Mechanics, (Springer-Verlag, New York 1978).

[33] X.S. Liu, X.Y. Liu, Z.Y. Zhou, PZ. Ding and S.F. Pan, Numerical solution of the one-dimen-
sional time-independent schrodinger equation by using symplectic schemes, International Jour-
nal of Quantum Chemistry 79(2000), 343-349.

[34] JM. Sanz-Serna and M.P. Calvo, Numerical Hamiltonian Problem (Chapman and Hall, Lon-
don, 1994).

[35] H. Yoshida, Construction of higher order symplectic integrators, Phys. Lett. A 150(1990)
262-268.

[36] W. Zhu, X. Zhao and Y. Tang, Numerical methods with a high order of accuracy in the quan-
tum system, J. Chem. Phys. 104(1996) 2275-2286.

[37] A.D. Raptis and A.C. Allison, Exponential-fitting methods for the numerical solution of the
Schrodinger equation, Comput. Phys. Commun., 14(1978) 1-5.

[38] T.E. Simos and J.V. Aguiar, Exponentially fitted symplectic integrator, Phys. Rev. E, 67(2003)
16701.



